We obtain general solutions for some flat Friedmann universes filled with a scalar field in induced gravity models and models including the Hilbert-Einstein curvature term plus a scalar field conformally coupled to gravity. As is well known, these models are connected to minimally coupled models through the combination of a conformal transformation and a transformation of the scalar field. The explicit forms of the self-interaction potentials for six exactly solvable models are presented here. We obtain the general solution for one of the integrable models, namely, the induced gravity model with a power-law potential for the self-interaction of the scalar field. We argue that although being mathematically in a one-to-one correspondence with the solutions in the minimally coupled models, the solutions in the corresponding non-minimally coupled models are physically different. This is because the cosmological evolutions seen by an internal observer connected with the cosmic time can be quite different. The study of a few induced gravity models with particular potentials gives us an explicit example of such a difference.
Introduction
Exact solutions to the Einstein equations play an important role in cosmology. Cosmological models with scalar fields have acquired a great popularity during the last decades due to the development of inflationary cosmology [1] and to the appearance of different quintessence models of dark energy [2] , which should explain the phenomenon of cosmic acceleration [3] . The number of integrable cosmological models based on scalar fields is rather limited. First of all, let us mention the spatially flat Friedmann model with a minimally coupled scalar field and a self-interaction exponential potential. For such a model the general exact solution was studied in detail in papers [4] . A particular power-law expansion solution for this model was found earlier and used in many contexts [5] . Another interesting class of models with a general exact solution is that wherein the potential is a combination of exponential functions with special values of the exponents [6] . In a recent paper [7] , the general classification of integrable cosmological models based on scalar fields was suggested and studied in great detail (see also [8] ).
Integrable models are of especial importance for cosmology. For cosmological models with minimally coupled scalar fields some procedures for the reconstruction of potentials were developed. This allows one to obtain models with particular exact solutions [9] . These procedures have been generalized to two-field models [10] and models with scalar fields non-minimally coupled to gravity [11, 12] . For example, some particular exact solutions, for the models where the scalar field was non-minimally coupled to gravity were found in [11, 12] . At the same time, to the best of our knowledge there is no generic procedure to obtain integrable cosmological models with scalar fields. The goal of this paper is to show how the knowledge of an integrable system with a minimally coupled scalar field allows one to obtain the integrable system with a non-minimally coupled one and vice versa. We illustrate the correspondence between the integrable cosmological models with minimally and non-minimally coupled scalar fields. We construct the explicit form of the self-interaction potentials for six integrable induced gravity models and six integrable models with the Hilbert-Einstein curvature term and a scalar field conformally coupled to gravity. We also explicitly obtain the general solutions for induced gravity models with power-law potentials.
Models with a scalar field non-minimally coupled to gravity attract a growing interest nowadays. Induced gravity models, wherein the curvature arises as a quantum effect [13] have found diverse applications in cosmology [14] . Models, where both the Hilbert-Einstein term and the scalar field squared multiplied by the scalar curvature are present, have been applied to inflation [15] and to quantum cosmology [16] . Recently, a model where the role of the inflaton is played by the Higgs field non-minimally coupled to gravity has acquired some popularity [17] . The recent discovery of the Higgs particle [18] makes this model especially attractive.
It is known that a gravitational model with a non-minimal coupling can be transformed into a model with a minimal coupling, by using a properly chosen conformal transformation of the metric, combined with some parametric transformation of the scalar field. Such a procedure is usually called the transition from the Jordan frame to the Einstein frame. For the first time this transformation was used in the seminal paper by Wagoner [19] . For the more general case of F (φ, R) gravity, where φ is a scalar field, such a transformation was presented in [20] . The Wagoner conformal mapping is used to get both cosmological and spherically symmetric solutions. For example, on using Wagoner's conformal mapping spherically symmetric solutions with and without an electric charge were obtained by Bronnikov in [21] .
There is some discussion in the literature about the equivalence or non-equivalence of physics in these two frames [22, 23, 24, 25] . The dominant opinion is that for non-conformal matter these frames are not equivalent. The question about which of the frames is physical is discussed in detail in such papers as [26] and [27] . In particular, in paper [27] it is claimed, that the word "physical" applied to conformal frames can have two meanings: either the frame in which a fundamental underlying theory is formulated, or the one corresponding to the observational picture, and these two do not necessarily coincide.
Here we wish to draw attention to another aspect of the interrelation between the physics in the Jordan and Einstein frames. We consider some explicitly integrable cosmological models for flat Friedmann universes filled with a minimally coupled scalar field, taken from paper [7] and, on using the EinsteinJordan frame transition, we construct their counterparts with induced gravity models and with models having a conformally coupled scalar field plus the Hilbert-Einstein term. We emphasize that the physical cosmological evolutions are those seen by an observer using the cosmic (synchronous) time, which is different in different frames. Thus, evolutions in the Einstein and Jordan frames, connected by a conformal transformation and by the reparametrization of the scalar field can be qualitatively different. We construct an explicit example of such a difference. More precisely, we consider a de Sitter expansion in induced gravity with a squared scalar field self-interaction potential [11, 28] and show that its counterpart is the well-known particular power-law solution [5] in a minimally coupled model with an exponential potential. We think that while the general solutions for some non-minimally coupled models can be obtained from their minimally coupled counterparts, the study of their behaviour is of interest because it can be physically different.
The structure of the paper is as follows: in Sect. 2 we present the general formulae, representing the relations between the general exact explicitly integrable cosmological solutions in models with minimal and non-minimal coupling of a scalar field with gravity; in Sect. 3 we construct the potentials for exactly solvable models with a non-minimal coupling starting from the minimally coupled models studied in [7] ; in Sect. 4 we find the general solution for induced gravity model with power-law potential; in Sect. 5 we analyze the example with a de Sitter evolution, while the last Section contains some concluding remarks.
2 Relations between general exact solutions in the models with minimally coupled and non-minimally coupled scalar fields
Let us consider an action
In a flat Friedmann space-time with the interval
where a(τ ) is the cosmological radius and N (τ ) is the lapse function, the Lagrangian corresponding to this action is [11, 29] 
where a "dot" means a derivative with respect to time and a "prime" means a derivative with respect to σ. The variation of this Lagrangian with respect to the lapse function gives the first Friedmann equation:
The variation with respect to a gives the second Friedmann equation
The variation with respect to σ gives the Klein-Gordon equation:
In what follows it will be convenient to use a certain linear combination of Eqs. (4) and (5):
Using (7), we write (6) as follows:
Let us make the conformal transformation of the metric
where U 0 is a constant. We also introduce a new scalar field φ such that
In this case the action (1) becomes the action for a minimally coupled scalar field:
where
Let us emphasize that the formulae (9)- (12) are valid for any metric. We now present their particular forms for the spatially flat Friedmann metric with a parametric time. The Friedmann metric (2) becomes ds 2 =Ñ 2 dτ 2 −ã 2 dl 2 , where the new lapse function and the new cosmological radius are defined asÑ
Equations (4)- (6) become
whereh ≡ȧ/ã. Let us suppose that for some potential W we know the general exact solution of the system of equations (14)- (16): φ(τ ),ã(τ ),Ñ (τ ). We also suppose that the function σ(φ) is known explicitly.
In this case, we can also find the general solution of the system of equations (4)- (6) with the potential
which is given by σ(φ(τ )), a(τ ) =
i.e. the induced gravity case, we have from Eq. (10)
In this case we can construct analogues of all the solutions known for the case of a minimally coupled scalar field. We assume that γ = −1/6 because for the case of conformal coupling, γ = −1/6, nontrivial solutions can exist only for the potential V = V 0 σ 4 [30] . Another interesting choice is
i.e. the case when the coupling is conformal and a nonzero Einstein-Hilbert term is also present 1 . In this case
Integrable Models
In this paper, we only consider those integrable cases, mentioned in [7] , for which the explicit solutions forÑ (τ ),ã(τ ) and φ(τ ) can be found at least in quadratures. To make the comparison with the models analyzed in paper [7] more convenient, we choose U 0 = 1/4. The first of them is the exponential potential. The general solution for such a model is known and was studied in detail in the literature [4] . Let us consider the scalar field with the potential
where λ is an arbitrary real number, but λ = ±1. The corresponding potential in the induced gravity model is
where Γ ≡ 1+6γ 6γ . We can set σ 0 = 1 without loss of generality, because W 0 is an arbitrary constant. Note that if Γ is real, then Γ > 0 because γ = −1/6.
For the model with the conformally coupled scalar field we have the potential 
In Table 1 we present the list of the potentials, for which the corresponding cosmological models are integrable. The constants c 0 , c 1 , and c 2 are arbitrary,c i = 4γ 2 c i . The parameter λ is an arbitrary number, but λ = ±1, λ = 0. 
The standard way of obtaining the general solution for an integrable model with a minimally coupled scalar field is to find a suitable lapse functionÑ (τ ). For the minimally coupled models with the potentials given in Table 1 , the corresponding functionsÑ (τ ) are given in [7] . In Table 2 we present the lapse functionsÑ, N and N corresponding respectively to the minimal coupling, induced gravity and conformal coupling plus the Hilbert-Einstein term case. The functions N and N have been calculated using (13) .
In the next section, we shall consider in some detail the model of induced gravity with a power-law potential for the self-interaction of the scalar field. As was explained above the general solution for this model can be obtained by using the solutions of the model with a minimally coupled scalar field and with an exponential potential. However, in this case these general solutions can also be obtained directly, because the knowledge of the solutions for the minimally coupled model can help us to guess what choice of the variables and of the lapse function can be useful for the exact integration of the corresponding equations (4)- (8) in the induced gravity model. 4 Induced gravity model with a power-law potential
Construction of linear equations
Let us consider the example of an integrable induced gravity model to demonstrate how the results of the previous section help in obtaining the general solution. In the previous sections we assumed that the functions σ(φ) and φ(τ ) were known explicitly. In this section we shall not use these functions to obtain the general solution of the induced gravity model.
The first Friedmann equation (4) with U (σ), defined by (18) , can be cast in the following form
We consider the power-law potential
where n = 2 + 3λΓ, corresponds to the integrable Einstein gravity model with an exponential potential (22) . From Table 2 we learn that the suitable choice of the lapse function is
On introducing new variables u and v as
we see that Eq. (24) takes the form:uv
Equation (27) implies thaṫ
Let us now consider Eq. (8) for the induced gravity model:
On substituting the functions N and V , we obtain the following equation:
and on using (29) and (30), Eq. (32) can be rewritten in terms of variables u and v:
We use Eq. (28) and introduce a new variable
It is easy to check that Eq. (33) is equivalent to the following Riccati equatioṅ
To construct the general solution of Eq. (35) , we make a standard substitution
leading to the second order linear differential equation:
where k = (n−2) 2 Γ 2 − 9 ≡ l 2 − 9 and l = (n − 2)/Γ. Let us note that all solutions of type Cy(t), where C is a nonzero constant, correspond to one and the same solution x(t). Further, Eq. (37) has a solution y(τ ) ≡ 0 for any k, but x is not defined for this solution.
Different types of solutions
Let us now consider the different types of solutions arising in the model under consideration. let us note that, x can not be defined at n = 2 − 3Γ, but in this case Eq. (35) is linear one we not need to introduce y. Further, it is simpler to consider constant solutions of Eq. (35) as well as the special case k = 0 and n = 2 + 3Γ without the introduction of the variable y. We consider the cases k > 0, k < 0, and the cases for which it is more suitable to solve Eq. (35) separately.
Trigonometric case
In the case k = Ω 2 > 0, the general solution of (37) is
where A and B are arbitrary constants. We get
Let us note that when A and B are not equal to zero, x is defined by the arbitrary parameter A/B.
On using (27) , we obtain
where σ 0 = e u 0 −v 0 Γ and a 0 = e u 0 +v 0 /σ 0 .
Hyperbolic case
For the case k = −Ω 2 < 0,Ω = √ 9 − l 2 , the general solution of (37) is
leading to
and
where c + and c − are arbitrary constants. If c + = 0 or c − = 0, then x is a constant. In this subsection we consider only solutions having c + c − = 0, solutions with a constant x are considered in the next subsection. On inverting the definitions for the functions u and v (27), one finds
where σ 0 = e (u 0 −v 0 )/Γ and a 0 = e u 0 +v 0 /σ 0 .
Solutions of Eq. (35) in special cases and constant solutions of this equation.
Equation (35) has constant solutions
Let us consider solutions having x = x 0 = 0. For a given Γ these solutions are real for
For n = 2 solutions with x = x 0 exist for any value of Γ (obviously, Γ ranges in the interval 1 < Γ < ∞ at γ > 0). For these solutions we obtain
where τ 1 and τ 2 are arbitrary constants. Therefore,
. Let us note that for n = 2, we get x 0 = 1 and σ(τ ) is a constant. In this well-known case of a quartic potential (n = 2) the solution is known to have a de Sitter attractor in the future and correspondingly a constant scalar field σ(τ ) = σ f . Such an attractor is easily recovered in the large τ limit from solutions (47)- (48) when
It is suitable to study physical properties of solutions in the cosmic time (see the next subsection). Let us consider the case n = 2 − 3Γ, in which case Eq. (35) is linear and has the following general solution:
where τ 0 , u 0 , and v 0 are arbitrary constants. As a result we get
Another case with k = 0 corresponds to n = 2 + 3Γ. In this case
therefore,
where a 0 = e u 0 +v 0 /σ 0 , σ 0 = e (u 0 −v 0 )/Γ . Let us note that k = 0 corresponds to λ = ±1 and to the fourth case in Table 1 forc 2 = 0.
Solutions as functions of the cosmic time
In the previous subsections we used the parametric time τ to linearize equations and get the general solutions for the induced gravity models with power-law potentials. Let us note that the physically interesting question is the following one: how will these solutions look for an observer using the cosmic time? In this subsection we show that some particular solutions have a simple form in the cosmic time. By definition the cosmic time t is given by
So, τ is the cosmic time if and only if N (τ ) ≡ 1. The Hubble parameter is
The value of the Hubble parameter that corresponds to constant solutions σ f at n = 2 can be easily obtained from (24) with N = 1 andσ = 0:
Let us consider solutions (50) that correspond to x = x 0 for other values of n. Using formula (30), we obtainṄ
In the next section we consider solutions in cosmic time for the case n = 1 in detail. For this reason in this subsection we consider the case n = 1 only. We obtain
We obtain that solution (50) becomes in the cosmic time:
The simplest way to find the corresponding H(t) is to substitute the σ(t) obtained into the system of equations (4)- (5) with N = 1. At n = 2 we obtain the following power-law solution
It is easy to check that the solution corresponding to the solution (62), (63) in the minimally coupled model is the well-known particular solution [5] , i.e. the solution with φ ∼ ln t and a ∼ t p , where p is some positive number. Indeed, on using the formulae from Section 2, one can see that the field φ behaves as a logarithm of the cosmic time t, while the lapse functionÑ behaves as a power of t. It then follows that the cosmic timet is a function of t and, hence, the cosmological radiusã is also a power-law function oft. Let us note that conditions on the conformal factor, which are necessary for the one-to-one correspondence between particular power-law solutions in the Einstein and Jordan frames, are given in [32] .
An example: de Sitter solution in induced gravity
We have shown that if the exact general solution of a cosmological model with a minimally coupled scalar field and some potential W (φ) is known, then we can find the corresponding general solutions both in induced gravity models and in models with a conformally coupled scalar field plus the HilbertEinstein term, where the potential V (σ) is given by the formula (17) . In the preceding section we also have considered the induced gravity models with power-law self-interaction potential of the scalar field. We would like to now explain in what sense these solutions contain new physical information. It is here, that some differences between the frames can be found.
It is well known that, in the model with a minimally coupled scalar field the de Sitter evolution can be realized if and only if the potential of the scalar field is a positive constant, or has an extremum for some value of the scalar field. The extremal value of the potential should also be positive. Further, particular initial conditions on the scalar field should be imposed. Namely, for the case of a constant potential it is enough to require a vanishing time derivative of the scalar field, while for the case of the potential with an extremum, it is necessary that the field itself has the value corresponding to this extremum.
For the case of the non-minimally coupled scalar field the situation is more complicated. It is known that if one considers a model with a non-minimally coupled scalar field with a function U (σ) and with the self-interaction potential of the scalar field, proportional to this function squared V (σ) = V 0 U 2 (σ), then, on requiringσ = 0, one obtains a de Sitter evolution, i.e. an exponential expansion. This solution has, as its minimally coupled counterpart, the exponential evolution in the model with a constant potential. In both the models the scalar field has a constant value and one can easily check that the two solutions are connected by the relations described in Section 2. As was shown in the preceding section this solution is an attractor for the class of general solutions, arising in the so called hyperbolic case for the induced gravity model. Thus, the one-to-one relation between de Sitter solutions in the Jordan and Einstein frames is possible only if the corresponding scalar field σ is a constant. Let us further note that for a solution with a constant σ = σ 0 in the Jordan frame (obtained in the case just discussed with induced gravity and a quartic potential) the metric transformation (9) is trivial and the metric itself remains unchanged on choosing U 0 = U (σ 0 ). In such a case the Jordan frame is equivalent to the Einstein frame as far as homogeneous space-time evolution is concerned.
However, there are also other de Sitter solutions for the case of a non-minimal coupling between the scalar field and the curvature (see e.g. [11, 12, 28, 33] ). For example, in the case of induced gravity and of a self-interacting scalar field potential proportional to the scalar field squared V ∼ σ 2 , a de Sitter solution with the scalar field changing in time exists. As is clear from formula (23) the counterpart of this potential is an exponential potential for the model with a minimally coupled scalar field. However, we know that the model with the exponential potential does not have a solution with a de Sitter regime. Thus, we see that the family of cosmological evolutions in the minimally coupled model is physically different from the family of the corresponding evolutions in the induced gravity model, obtained from the former by the transformations, described in Section 2.
At this point an interesting question arises: what is the counterpart of the de Sitter solution obtained in the induced gravity model with the quadratic potential of self-interaction? Remarkably, this counterpart is nothing more than the well-known particular power-law solution of the equations of motion in the models with an exponential potential, which is expressible in terms of the cosmic time [5] . To prove this statement we shall begin with the minimally coupled model with the exponential potential (22) . We putÑ = 1 in Eqs. (14) and (15) and get the following equations
where the Hubble parameterH is defined with respect to the cosmic timet = τ . The power-law solutions arẽ
We consider the model with W 0 > 0 and 0 < λ 2 < 1. By a conformal transformation we can get from this model induced gravity models with power-law potentials of the form (23) . To get the induced gravity model with a quadratic potential we should choose λ < 0 and
A suitable model with a positive γ exists for −1/3 < λ < 0. Using formula (19) , one has
where σ 1 is a constant. Then
Hence, from Eq. (13) it follows that in the induced gravity model the lapse function and the cosmological radius are
We can now calculate the Hubble parameter value with respect to the cosmic time in the induced gravity model, which is given by the formula (58):
Thereby, we see that the Hubble parameter in the induced gravity model is constant and hence, the evolution represents an exponential de Sitter expansion (naturally, the Hubble constant can also be negative and in this case one has a de Sitter contracting universe). Thus, we have shown that the de Sitter expansion in the induced gravity model with a quadratic self-interaction potential is transformed into the power-law expansion in the corresponding model with a minimally coupled scalar field and with an exponential potential. Generally, one can say (see e.g. [24] and an earlier work [22] ) that even if some classical phenomena look different in Einstein and Jordan frames, the relations between different observables should be the same. Moreover, one can state [24] that the choice between the Einstein and the Jordan frame is somewhat similar to the choice of the frame of reference in Newtonian mechanics. A coherent description of the laws of physics can be given in every frame of reference. Nonetheless a natural choice of such a frame of reference exists and is connected to each concrete physical problem. For example, a person on a merry-go round naturally describes physical phenomena around him, by taking into account inertial forces such as the centrifugal and that of Coriolis. For this person the non-inertial rotating frame is the natural physical frame to be used. Analogously, in cosmology for a comoving observer the natural frame is that associated with his proper (i.e. cosmic) time. Thus, since the transition between the Einstein and the Jordan frames implies the change of the cosmic time, the observed cosmological evolutions in these frames are different.
Finally we note that each scalar field potential in a minimally coupled model corresponds to a family of the induced gravity models with diverse self interacting potentials. For example the potential (see Table 1 ) c 0 e 2 √ 3λφ generates the one parameter family of potentialsc 0 σ 4+6λΓ having different exponents dependent on Γ = Γ(γ). Hence, to the same cosmological evolution in a model with a minimally coupled scalar field corresponds a family of different evolutions in the corresponding induced gravity models. For example, if γ satisfies (66), the the considering induced gravity model has exponential solution (70), otherwise it has power-law solutions (63). The general formula connecting the cosmic time evolution of the Hubble parameter in the model with a minimally coupled scalar field to the cosmic time Hubble parameter evolutions in the associated induced gravity models is
Conclusions
We have here shown that given the knowledge of explicit general cosmological solutions for flat Friedmann models with minimally coupled scalar fields one can construct the general solutions for induced gravity models and models having a Hilbert-Einstein curvature term plus a scalar field conformally coupled to gravity. The latter are connected with the minimally coupled model by the combination of a conformal transformation and a transformation of the scalar field. The forms of the self-interacting potentials for six explicitly integrable models studied in [7] are presented here. We argue that although being mathematically in a one-to-one correspondence with the solutions in the minimally coupled models, the solutions in the non-minimally coupled models are physically different, since the cosmological evolutions seen by an internal observer associated with the cosmic time can be quite different. We have given an explicit example of such a difference. Indeed, the de Sitter evolution in the induced gravity model has as its counterpart a power-law evolution in the corresponding model with a minimally coupled scalar field. This explains why a detailed study of cosmological evolutions in exactly solvable models with a non-minimally coupled scalar field is interesting from the physical point of view. We hope to undertake a detailed study of such integrable models in the close future [34] . We also hope to study the relation between the approach to the search of general cosmological solutions applied here and the approaches based on the explicit use of such symmetries as Noether symmetry [35] , conformal relations between different Lagrangians [36] and the Hojman conservation quantities [37] .
